Abstract. We define generalized null Mannheim curves in Minkowski spacetime and characterize them and their generalized Mannheim mate curves in terms of curvature functions, and obtain relations between their frames. We provide examples of such curves.
Introduction
In the Euclidean space E 3 there are many associated curves (Bertrand mates, Mannheim mates, spherical images, evolutes, the principal-direction curves, etc.) the frame's vector fields of which satisfy some extra conditions. In particular, Mannheim curves in E 3 are defined by the property that their principal normal lines coincide with the binormal lines of their mate curves at the corresponding points [4, 7, 11] . The parameter equation of a Mannheim curve α in E 3 is given in [4] 
by α(t) = ( h(t) sin(t)dt, h(t) cos(t)dt, h(t)g(t)dt)
, where g : I → R is any smooth function and the function h : I → R is given by
of the generalized null Mannheim curves and the generalized Mannheim mate curves of theirs. We give the necessary conditions for the null Cartan curve α with the second curvature κ 2 = 0 and its mate curve α ⋆ = α + (1/2κ 2 )N to be the generalized null Mannheim curve and the generalized Mannheim mate curve, respectively. In particular, we prove that there are no generalized null Mannheim curves the generalized Mannheim mate curve of which is a partially null or a pseudo null curve. Finally, we characterize the generalized null Mannheim curves in terms of the normal curves and give some examples.
Preliminaries
The Minkowski space-time E 1 , can locally be spacelike, timelike or null (lightlike), if all its velocity vectors α ′ (s) are respectively spacelike, timelike or null [13] . A non-null curve α is parametrized by the arc-length function s (or has the unit speed), if g(α 
The curvature functions κ 1 (s) = 1, κ 2 (s) and κ 3 (s) are respectively called the first, the second and the third Cartan curvature of α. Cartan's frame vector fields T , N , B 1 and B 2 are respectively called the tangent, the principal normal, the first binormal and the second binormal vector field, and they satisfy the conditions 
where
If α is a pseudo null Frenet curve, i.e. a spacelike Frenet curve with a pseudo-orthonormal frame {T, N, B 1 , B 2 } and null vector fields N and B 2 , the Frenet formulae read [14] (2.3)
where the first curvature k 1 (s) = 1. Moreover, the following conditions are satisfied:
Type 3. If α is a partially null Frenet curve, i.e. a spacelike Frenet curve with a pseudo-orthonormal frame {T, N, B 1 , B 2 } and null vector fields B 1 and B 2 , the Frenet formulae read [14] (2.4)
where the third curvature κ 3 (s) = 0. In particular, there holds
Recall that a normal curve in E 4 1 is defined in [8] as a curve the position vector of which always lies in its normal space T ⊥ , which represents the orthogonal complement of the tangent vector field T of the curve.
The generalized null Mannheim curves in E 4 1
It is proved in [6] that there are no null Mannheim curves in E 3 1 . In relation to that, throughout this section we will assume that the null Cartan curve α in E ⋆ 2 in (3.13) we get
Substituting (3.11) and (3.16) in (3.9), we obtain
Since λ > 0, from (3.23) and (3.24), we get sgn(κ
Substituting (3.25) in (3.24), we find
Now, relations (3.11), (3.18), (3.25) and (3.26) imply that (3.1) holds, where κ
. By using the last relation and the relations (3.17), (3.18), (3.21) and (3.27), it follows that (3.2) is satisfied. Similarly, when (3.19) and (3.21), or (3.18) and (3.22), or (3.19) and (3.22) hold, we also obtain that (3.1) and (3.2) are satisfied. This completes the proof of the theorem.
In the following theorem we give the necessary conditions for the null Cartan curve α and its associated curve α ⋆ = α + (1/2κ 2 )N to be the generalized null Mannheim curve and the generalized Mannheim mate curve, respectively. Proof. Assume that the curve α ⋆ defined by
is the Frenet curve, where s is the pseudo-arc length parameter of α and
This means that α ⋆ is a timelike curve. Consequently, f (s) = √ λs. Differentiating relation (3.28) with respect to s, and using (2.1) and f ′ = √ λ, we obtain (3.29)
Differentiating the last relation with respect to s and using (2.1) and (2.2), we find κ (i) the curvatures of α and α ⋆ satisfy the relations
, and the corresponding Cartan frames of α and α ⋆ are related by
(ii) the curvatures of α and α ⋆ satisfy the relations
.
ds and λ(s) = constant satisfy the differential equation
while the corresponding Cartan frames of α and α ⋆ are related by
B where x, y, z are given by
Differentiating relation (3.56) with respect to s and using (2.1) and (3.57), we obtain
By taking the scalar products of (3.56) and (3.58) with N = aB
, we respectively find
Relations (3.59) and (3.60) imply
Substituting (3.57) and (3.61) in (3.56), we obtain (3.62)
Substituting (3.61) in (3.58) and using (3.62), we get
. By taking the scalar product of the last relation with N = aB ⋆ 1 ± B ⋆ 2 and using (3.61), it follows that
Substituting (3.62) and (3.65) in (3.64), we get 
Differentiating the last relation with respect to s and using (2.1), we find
. By taking the scalar product of (3.70) with N = aB
Substituting (3.67) and (3.68) in (3.71), we obtain
Substituting (3.71) in (3.70) yields
Next, the condition g(N ⋆ , N ⋆ ) = 1 and the relation (3.74) imply κ
Substituting (3.67) and (3.68) in the last relation, we get 
Substituting (3.80) in (3.67) and (3.75), we respectively get
Next, substituting (3.80) in (3.73), we obtain
From (3.80), (3.81), (3.82) and (3.66) we have
Differentiating the previous equation with respect to s, using (2.1) and (3.82), we obtain
Assume that (3.84) holds. Differentiating the relation N ⋆ = B 2 with respect to s, using (2.1), (3.82) and (3.84), we find
Differentiating relation (3.86) with respect to s and using (2.1) and (3.82), we get
Substituting (3.89) in (3.87) yields
Finally, relations (3.81) and (3.88) imply that (3.51) holds. By using relations (3.83), (3.84), (3.86) and (3.90), we obtain that (3.52) holds. Assuming that (3.85) holds, in a similar way it can be proved that (3.51) and (3.52) are satisfied. This 
where s is the pseudo-arc length parameter of α, 
By taking the scalar product of (3.107) with N = ±B
, we find λ ′ = 0. Substituting this in (3.107), we get
where R 0 denotes R\{0}. Relation (3.108) implies
Differentiating relation (3.108) with respect to s and using (2.1), (2.3) and (3.109), it follows that
The last relation gives g( 
By using the condition g(T ⋆ , T ⋆ ) = 1 and relation (3.110), we find (3.111) f ′2 = −2λ(1 − λκ 2 ).
Differentiating relation (3.110) with respect to s, using (2.1), (2.3) and (3.111), we obtain (3.112)
Assuming that κ 2 = constant = 0, relation (3.112) implies that a null vector N ⋆ is a linear combination of two mutually orthogonal spacelike vectors N i B 2 , which is impossible. Therefore, 
